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1. Introduction 

In this note we study the superstring propagation on the curved spacetime manifold 

M = AdS 3 x S 3 x S 3 x S 1 (1.1) 

following PJ. In string theory on Ad S3 x M the spacetime theory is a two dimensional 
conformal field theory (CFT) on the boundary of AdS%. The left (right) moving affine 
SL{2) symmetry on the worldsheet (arising from the AdS% part of the background) is lifted 
to a left (right) moving Virasoro algebra in the spacetime boundary theory. Moreover, any 
affine Q symmetry in the background M CFT is lifted to an affine Q algebra in the spacetime 
theory. 

In section 2, we will show that type II string theory on M. ( |1 . 1| ) allows (the analogue) 
of a chiral GSO projection, giving rise to a large N = (4,4), 2-d SCFT in spacetime. For 
simplicity, we usually discuss the left moving sector of the theory. The affine SU(2) x 
SU{2) x £7(1) (arising from the S 3 x S 3 x S 1 background in (|L1])) is the "R-symmetry" of 
this large N = 4 algebra. Hence, while string theory on AdS 3 x S 3 x M 4 , with M 4 = T 4 
or K3, gives rise to a small N = 4 algebra in spacetime PJ (whose R-symmetry is SU(2)), 
the example considered in this work provides a boundary theory with the larger kind of 
N = 4 supersymmetry in two dimensions. 



Another reason to consider string propagation on A4 (|1 . 1| ) is the following. The 
geometry AdS$ x S 3 x S 3 x R is obtained at the throat limit of two differently oriented 
coincident sets of fivebranes intersecting in one direction, together with a set of infinitely 
stretched strings [0,03- Such background is the S 1 — > R limit of M. in (|1.1|). Indeed, the 
study of Killing spinors on this space already indicates the appearance of large iV = 4, 2-d 
supersymmetry [[|. 

In section 3, we consider more aspects of the theory ( |1 . 1|) , and remark on some prop- 
erties of the spacetime SCFT. 

2. Superstrings on AdS 3 x S 3 x S 3 x S 1 

2.1. Worldsheet Properties 

As in [0, we consider a fermionic string on the Euclidean version of AdS^, and study 
the worldsheet theory in the free field representation of SL{2) ||. The worldsheet La- 
grangian has the form 



£ = ^_ A /_l_^(2)0 + ^ 7 + ^7-^expl -J-j-L-c/)} ±C WZW + C fer (2.1) 



The first part of L is the bosonic part of the SL(2) WZW sigma model (the target space of 
which is parametrized by the coordinates </>, 7, 7 with metric ds 2 = dtp 2 + e 2 ^djd , y, and (3 is 
an auxiliary field inducing this metric in the sigma model upon integration) . The boundary 
of AdS?, is at <fi — ► 00, where the screening charge term vanishes, and (7,7) are associated 
with the coordinates parametrizing the two dimensional boundary. The two point functions 
of the fields <fi, f3, 7 are (4>(z)<fi(0)) = — log |z| 2 , (/3(z)7(0)) = 1/z, and all other two point 
functions vanish. Cwzw is the bosonic part of the SU{2) x SU(2) x £7(1) WZW model, 
and £ f er includes all other terms which, in particular, have worldsheet fermions in them. 
There are three worldsheet fermions ip A on the SL(2) manifold, three+three fermions \ a 
and uj a on SU(2) x ££7(2), and a single fermion A on £7(1). They are normalized such that 

n AB 

^ A {z)^ B {w)) = -1 , A,B = 1, 2, 3, V AB = diag(+, +, -) 

z — w 

( X a (z)x b M) = — = (u a (z)u\w)), a, b = 1, 2, 3 (2-2) 
z — w 

(X(z)X(w)) ' 



z — w 

The SL(2) x SU(2) x SU(2) x £7(1) WZW sigma model has affine bosonic currents j A , k a , 
m a , dY with levels k + 2, k' — 2, k" — 2, respectively. The worldsheet TV = 1 supercurrent 
G of this system is 

2' ' -B „/,A„/,.B„,,C\ , / ^ / ar, ,,a,,6. 



+ ^(uj a m a - ^e a6c u; a W V) + Adr 

The total affine SL{2) x ££7(2) x 577(2) currents J A , if a , M" are the upper components 
(with respect to the N = 1 worldsheet supersymmetry ( |2.3j ) and up to normalization) of 
the fermions tp A i X° \ respectively: 

if° = fc a - ^cXV (2-4) 
M a = m a - l -e a bc u b u c 
They obey affine SL(2), SU{2) and 577(2) algebras at levels k, k' and k", respectively: 

J A (z)J B (w) = + lJ]C f ± + ■ ■ ■ , A, fl, C, D = 1, 2, 3 (2.5) 

(2 — tu)^ (2 — it?) 
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U'fjab In - ah jy-c 

K a (z)K\w) = f K ° \ 2 + + ■ ■ • , a, 6, c = 1, 2, 3 (2.6) 

(z — w) z (z — w) 

U"Xab /n ■ ab life 

M«{z)M\ W ) = + + • • • (2.7) 

(z — w) 2 (z — w) 

Finally, the U(l) affine current dY is the upper component of A and it satisfies: 

d z Yd w Y = 1 + ■ ■ • (2.8) 
(z — w) 2 

The central charge c of the N = 1 worldsheet theory on AdS3 x S 3 x S 3 x S 1 is 

3(k + 2) 3 3(fc'-2) 3 3(fc" - 2) 3,1 /n n . 



Criticality of the fermionic string c = 15 together with eq. ( |2.9| ) gives rise to the relation: 



111 . 

H = V + F (2 ' 10) 



2.2. Spacetime Properties 



In string theory, affine worldsheet symmetries are lifted into global symmetries in 
spacetime. As shown in |1| , a novelty of string theory on A0IS3 is that such symmetries on 
the worldsheet are lifted to infinite dimensional symmetries in the boundary, 2-d spacetime 
theory. In particular, the affine SL(2) worldsheet symmetry is lifted to a Virasoro algebra 
whose spacetime generators L n correspond to the zero modes of worldsheet holomorphic 
operators, which can be chosen to be presented (in the worldsheet BRST cohomology) by 



dz 



^ 7 3„,n , n(n-l) +1 n(n + l) 7+ ^ n _! 



(1 - n z ) JV + — " J~l n+ + 



(2.11) 



They satisfy the Virasoro algebra: 



[L n , L m ] = (n- m)L n+m + j^(n 3 - n)5 n+mfi (2.12) 
with a spacetime central charge 

c st = 6kp (2.13) 

where p is interpreted |JJ as the number of infinitely stretched fundamental strings at the 
boundary of AdS^. 
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The affine worldsheet SU(2) x 577(2) x U(l) symmetry is lifted to an affine SU(2) x 
SU(2) x U(l) algebra in spacetime. The modes T™ generating the first affine SU(2) sym- 
metry in spacetime correspond to the zero modes of the worldsheet holomorphic operators: 

(2.14) 

where G_i = § dzG(z), and G(z) is given in ( |2.3| ). They satisfy the algebra 

K,T b m ] = ie ah c T c n+m + ^fn5 ab 5 n+m , (2.15) 
[L m ,T n a ] = -nT* +m (2.16) 

with a spacetime level []]J 

Kt = k'p (2.17) 
Similarly, the modes R% of the second SU (2) algebra correspond to 




K = \lYf MG-i.wVCO} (2-18) 
They satisfy the same algebra as ( |2.15|) with a spacetime level: 

Kt = k"p (2.19) 
Finally, the affine U(l) algebra has modes a n corresponding to 

a n = j dz{G_,_Al n (z)} = jd Z1 n (dY - n^\{^ - - ^ + 7 _1 ) j (2-20) 

They satisfy the algebra 

[a n ,a m ] =pn5 n+mfi (2.21) 

Next we perform a chiral GSO projection, thus making the spacetime theory super- 
symmetric. To construct the spacetime supercharges we introduce the 32 worldsheet spin 
fields S a , a = 1, ...,32, which satisfy 0: 

^ A (z)S a (w) = 1 TipS^w) + ■■■ 

V 2(z — wyi A 

x°(^ W = v _ ( ^ m)i/2 r^ W + .. 

^""' ^-^ ^'■'^ 
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(2.22) 



where T l , i = 1, 10, are 32 dimensional Dirac matrices representing the Clifford algebra: 



{T\ T j } = 2g*I, g ij = diag(l 2 , -1, l 7 ) (2.23) 

A spacetime supersymmetry generator Q has the form [[7]: 

Q = j dze-^S(z) (2.24) 

where (p is the scalar field arising in the bosonized superghost system of the fermionic 
string, and S = $^ a =i u ol S a is a linear combination of spin fields. 

To be physical, Q has to satisfy two conditions: it has to be BRST invariant and it 
has to pass the GSO projection guaranteeing mutual locality amongst spacetime fermions. 
The BRST invariance reduces to the condition that S(z) have no (z — w)~ 3 ^ 2 singularity 
when contracted with G(w) ( |2.3|) . Using the OPEs of ( p. 22 ), this becomes the following 
constraint on the coefficients u a defining Q: 

T^u 13 = (2.25) 

where the 32 dimensional matrix F is given by 

r = ^(r^r 3 ) + *y/l(r 4 r 5 r 6 ) + ^(t 7 t 8 t 9 ) (2.26) 

The matrix V satisfies 

r2 = (i " F " f) 1 (2 ' 27) 

Equation ( 2.25 ) has a solution if and only if the criticality condition ( |2.10|) is satisfied; in 



that case, one has T 2 = 0. The hermitian conjugate of T, 

r t = yi(r 1 r 2 r 3 ) + -y/i(-r 4 r 5 r 6 ) + yX(_ r 7 r 8 r 9 ) (2.28) 

obeys also (r^) 2 = 0, and we have 

{r,rt} = ^/ (2.29) 

The matrices ^/k/2T and y/k/2 are subjected to the algebra of fermionic annihilation 
and creation operators. The 32 dimensional space splits into two 16 dimensional spaces 
corresponding to occupation number or 1 for that fermion. The space of solutions of 
( |2.25|) is then the 16 dimensional occupation subspace. 



As in the flat space case, an appropriate GSO projection corresponds to the require- 
ment: 
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riX = u a , r n = nr l (2.30) 



Since T 11 anticommutes with V of eq. (|2.26| ), it preserves its space of solutions reducing 
the number of spacetime supercharges to 8. Under the SO(9, 1) rotating the ifi 1 , the spin 
fields transform with the spinor representation. The condition ( |2.25| ) breaks this symmetry 
down to SL(2) x SU{2) x SU(2), under which the 8 supersymmetry generators transform 
in the (1/2, 1/2, 1/2) representation. 

It is convenient to work with a bosonized form of the spin fields S a . A particularly 
simple bosonized form for the solutions of ( |2.25| ) and (2~ 3D) is obtained when defining the 



bosonic fields according to the following choice of complex structure on A4: 

dH l = ip 1 ^ 2 

dH 2 = xV 
dH 3 = uj x uj 2 



^ 3 . / ^ , ,3 



(2.31) 



The five scalars Hj are normalized such that 

(Hj(z)Hj(w)) = -5, j log (z - w) (2.32) 
The eight solutions of eqs. ( 2.25|) and (|2.30| ) have then the form 




q p ^(H 1 +H 2 +H 3 +H 4 ,+H 5 ) 

g _ g 1(^1-^2-^3-^4-^5) 

C M-H 1 +H 2 +H i -H 4 ,+H 5 ) 
kJ —++ c 

5- e |(-^i-^2-H 3 +H4-H 5 ) 

\ k' V fc" 

O - 4 /Ap5(-^i-^2+^3+H 4 +// 5 ) , ^ p ^(-H 1 -H 2 +H 3 -H 4 -H 5 ) 

q - * ^ P ^(-Hi+H 2 -H 3 -H 4 -H 5 ) , k_ i(-H 1 +H 2 -H 3 +H i +H B ) 

+ - y k' + yk" 



(2.33) 



(2.34) 
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The four solutions in ( |2.34| ) can be obtained, for instance, by applying the global generators 
of SU{2) x SU{2), T a and R% of eqs. ( g3g ) and (^TJ), to the four simple solutions ( ggg ). 

Notice that in the limit fc' or fc" tending to infinity, both the complex structure ( |2.31| ) 
and the spin fields (|2.33| ), ( |2.34| ) are identical to those used in [0J, corresponding to string 



theory on Ad S3 x S 3 x T 4 . Indeed, in the limit of large level an SU(2) affine algebra 
approaches a U(l) 3 one. 

Altogether, we have found eight left moving supercharges, thus leading to a global 
N = 4 supersymmetry in the NS sector of the spacetime theory. Indeed, the algebra 
generated by these eight physical supercharges, together with L , L±\, Tq, Rq, is a two 
dimensional global N = 4 algebra with an SU{2) x SU{2) subalgebra; explicitly: 

[L m ,L n ] = (m - n)L m+n , m,n = 0,±l 

[T a , T b ] = ie ab c T^ [R%, R b ] = ie ab c R c , a, b = 1, 2, 3 

i T oi R o\ = [Ln, Tq] = [L n , Rq] = 

[Ln,G^] = (^-r)G^ +r , i,j = ±1/2, r,a = ±l/2 (2-35) 

Gj 1 } = 2e^L r+s - 2(r - s) f^ e jl (a a ) ik TS + ^je ik (a a ) jl R^ 

Here G = i(2k)*Q is normalized to satisfy the last anticommutator, and the labels on G l J 
are identified with: r = |ei, z = and j = ^£3. In the limits fc' — > 00 or k" — > 00, this 
algebra reduces to the global, small N = 4 algebra (and a U(l) 3 factor). 

Combining the global N = 4 algebra ( |2.35|) with the full Virasoro algebra ( |2.12| ) and 
affine SU(2) x SU(2) x U(l), Q2TT5D , (|2TT6|) , ( ggg) (in the worldsheet BRST cohomology 



and using the freedom of picture changing |7j) leads to the so called "large" N = 4 super- 
conformal algebra |8|,[|. This chiral algebra is generated by a spin-2 stress tensor (whose 
modes are L n , n £ Z), four spin-3/2 fields (with modes G* J , r E Z + 1/2), seven spin-1 
currents (with modes T", R%, ce n ), and four spin- 1/2 fermions (with modes r* J ). For in- 
stance, the modes G l J of the four spacetime supercurrents can be obtained by considering 
the products of the integrands in L n (|2.11|) with the eight spin fields (|2.33|) , ( |2.34| ). Simi- 



larly, the modes T*- 7 of the four spacetime fermions - the N = 4 superpartners of the U(l) 
spacetime boson - can be obtained by considering the products of these eight physical spin 



fields with the a n ( POD 
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The left movers on the worldsheet are lifted to left movers in the spacetime boundary 
theory, while worldsheet right movers are lifted to right movers in spacetime. All in all, 
the spacetime theory is a two dimensional SCFT with a large iV = (4, 4) supersymmetry, 
with a central charge c st ( |2.13| ) and levels k' at , k" st (|2.17|) , fl2.19f ). Using (|2.10|) , we see that 
the spacetime theory obeys the condition 

K st "T" ^st 

as required in a unitary large N = 4, 2-d theory []8|||. 



3. Remarks 

As shown in [Jj], the properties of physical operators on the worldsheet are naturally 
lifted into properties of their corresponding physical states in the boundary spacetime 
theory. For instance, the SL(2) quantum number j and worldsheet spin s are related to 
the scaling dimension h s t and spin s in the spacetime 2-d theory. Moreover, operators in 
a representation R of the affine SU(2) x SU(2) x U(l) worldsheet symmetry are lifted to 
states with similar properties in spacetime. Instead of being general (for details see 
we will discuss some particularly interesting examples. 

Consider first the worldsheet vertex operators 

V (j) = e~^{^ - hrf- - ^7"V + )(^ 3 - - ll-^WjrnfnV^V^^ (3.1) 

where V jm m, Vjm'rh'^ V j'm"rh" are vertex operators of the SL{2) x SU{2) x SU(2) WZW 
model with isospins = m,j 3 = m), (j, k 3 = m' , k s = in') and (j, m 3 = m", m 3 = rh"), 
respectively. The worldsheet scaling dimensions of V(j) are 

" = S=i + i +J -fa' + 1 )(-i + i ; + i 7 )=l (3.2) 

(the last equality is obtained using the criticality condition (|2.10| )), and they are BRST 
invariant. Furthermore, the spacetime states corresponding to V(j) are primaries of the 
Virasoro algebra with scaling dimensions h s t = h st = j, as well as primaries of the space- 
time affine SU(2) x 577(2) x U(l) algebra. Therefore, the physical states corresponding 
to V(j) are chiral primaries of the = (4,4) superconformal algebra. For j = 1/2, the 
spacetime upper components of V(l/2) include a singlet of SU(2) x SU(2) x £7(1) with 
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scaling dimensions h s t = h st = j + 1/2 = 1, which thus correspond to (the m, rh modes of) 
a single marginal operator in the spacetime theory which preserves iV = (4, 4) supersym- 
metry. On the worldsheet, this marginal deformation is in the R-R sector and, therefore, 
turns on a R-R background. 

Together with the manifest marginal deformation changing the radius of S , we thus 
see that the superstring on M. (|1.1|) has a two dimensional moduli space. Let us discuss 
the structure of this moduli space in more details. 

The theory studied in section 2 is a WZW model on M; it has a vanishing R-R 
background. In particular, its S 1 — > R limit is obtained at the throat limit of (appropriate 
smearing of strings in) the following system : 

(a) k' coincident NS-fivebranes stretched, say, in the ( ) directions. 

(b) k" coincident NS-fivebranes stretched in the ( ) directions. 

(c) p fundamental strings infinitely stretched in (x ,^ 1 ). 

In the type IIB string, this system is S-dual to a corresponding configuration of D5-branes 
and D-strings. The marginal deformation discussed above may very well be the one which 
connects continuously the theories with vanishing R-R backgrounds to those which have 
them turned on (instead of the WZ term in the NS-NS sector). 

It would be interesting to understand the structure of the 2-d, N = (4, 4) spacetime 
theory. Although this is beyond the scope of this work, let us speculate about the particular 
case k' = k" = 2k. In this case, the central charge (|2.13| ) can be any positive integer 
product of three: c s t = 3n, n = k'p. A large = 4 theory with c = 3 is constructed out 
of a single scalar field and four fermions; we denote such a theory by T%. A candidate for 
the spacetime CFT is thus a (deformation of) an orbifold sigma model like the symmetric 
product (Ts) n /S n . Indeed, this is an N = (4,4) SCFT with a single modulus in the 
untwisted sector, corresponding to the radius of the scalar in T 3 , and another modulus in 
the twisted sector which we found amongst the S3 sector, invariant twist fields 0. 

States in the (T 3 ) n /S n SCFT appear in N = (4,4) multiplets and fall into SU(2) x 
SU(2) representations 

l + q l-q\ Z 

l,qE—, 0<l — qeZ (3.3) 
2 



1 Note that for n < 2, unitarity implies that (3.1) are not in the physical spectrum (see |T 



and references therein, for details), even for j = 1/2. Therefore, there is a perfect agreement with 
the fact that (T3) 2 /Z2 does not have a marginal deformation in the twisted sector. 
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Amongst the operators in a representation (3^3), the one with the smallest scaling dimen- 



sion appears in the Z21+1 twisted sector. The scaling dimension of such a twist field can 
be obtained by standard considerations of the symmetric orbifold: 

H^(1±1,IZ1) = 1±1, , = (3.4) 
V 2 2 J 2 ' 21 + 1 K ! 

In string theory on AdS% x 50(4) x U(l), worldsheet operators corresponding to 

spacetime, primary states with lowest scaling dimensions h s t, h st in a given representation 

O are 

1 ,_ 1 - .. , 1 1 

7 Ip^ )VjrnrhVj'rn'rh'^j''n 

(3.5) 



with 



(^M) (3-6) 



1 /1 + 1) + j"U" + 1) , s 

-2 + \l4 + — " ( 3 - 7 ) 



and 



h st = h st = 3 (3-8) 

We thus find that upon deforming the orbifold SCFT to the spacetime SCFT corresponding 
to string theory on AdSs x SO(4) x £7(1), the dimensions of smallest h operators in a 
representation (|373|) are changed as 

(h orb + 1/2) 2 - (h st + 1/2) 2 = ^5(5 + 1) (3.9) 

where 6 is given in ( |3.4| ). 

For 5 = 0, the dimensions of such operators are not changed. Indeed, such operators 
are in the (1/2,1/2) representation of SO (4) and their scaling dimension is 1/2; they are 
the chiral primaries ( |3.1|) discussed above. For 5^0, the dimensions are changed when 
one deforms away from the orbifold point by a relatively small amount ( |3.9[ ). 

Finally, we should mention that the generalization of this work to models with a large 



iV = (4, 0) spacetime supersymmetry can be done along the lines of [10 
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